tions. The benchmarking performance
data was collected by timing one
workstation performing the three
tasks while the background bench-
mark programs were run on 4, 9,
14, and then 19 workstations. Each
of the benchmark programs used a
fixed record length of 80. Different
LAN benchmark programs were
used to simulate background activ-
ity. Performance (timing of tasks)
for one workstation using actual task
activity in the background was com-
pared to performance for one
workstation using the benchmark
programs in the background.
Press presents a BASIC LAN
benchmark program that opens a
file and then processes a loop which
writes one record, reads the record
and displays the cumulative mean
and variance of the times between
transactions. This reading and writ-
ing of a record is designed to repre-
sent constant network  activity—
CONSTANT-A. CONSTANT-B is
a modification of the constant activ-
ity program that opens a file, writes
a record, closes the file, and then
executes a loop which opens the
file, reads the record, writes the
record, and then closes the file.
Another  modification, CON-
STANT-C is developed to more
accurately represent constant net-
work activity (input and output) on
the network. This program opens a
file, writes ten records, and closes
the file. A loop is then processed
which opens the file, randomly
reads a record, randomly writes a
record, and then closes a file.
Press also presents an intermittent
activity program with the time be-
tween transactions distributed nor-
mally—NORMAL-A. A modified
version of the program, NORMAL-
B, opens a file, writes 10 records,
and closes the file. The program
then loops to process an open file,
randomly read a record, randomly
write the record, and close the file.
Actual Performance: Before any of
the background programs were
run, a single workstation took 20.7
seconds to complete the scenario—
13.30 seconds to load WordPerfect
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from the server, 2.90 seconds to
load a 50K file from the server, and
4.50 seconds to save the 50K file on
the server. As the number of work-
stations in the background per-
forming the scenario increased, the
time to complete the scenario in-
creased at a nonlinear rate. Nor-
malizing the total time to complete
the scenario to one workstation
with 4, 9, 14, and 19 background
stations all performing the same
tasks as the timing station, it took 4,
9, 15, and 23 times as long, respec-
tively, as a single workstation to
complete the scenario.

Benchmark  Performance:  The
three constant network activity and
two intermittent activity (normal)
benchmark programs were exe-
cuted on 4, 9, 14, and 19 back-
ground stations while one timing
workstation accomplished the sce-
nario. CONSTANT-A, since it did
not open and close the file, did not
compare well to the actual perfor-
mance for different numbers of
background workstations. For all
combinations the timing was the
same as one workstation perform-
ing the scenario. The CON-
STANT-B and CONSTANT-C
programs for 4, 9, 14, and 19 back-
ground workstations took 3, 6, 9,
and 12 times and 4, 7, 11, and 14
times as long as a single workstation
to complete the scenario, respec-
tively. The NORMAL-A and
NORMAL-B benchmark programs
took 4, 8, 12, and 16 times and 4, 7,
10, and 14 umes as long as one
workstation to complete the sce-
nario for 4, 9, 14, and 19 back-
ground workstations, respectively.
While none of the benchmarking
programs exactly duplicated the
actual performance, ‘some per-
formed quite well for both individ-
ual tasks and the total scenario. The
task of loading WordPerfect
seemed to be the most difficult task
for the background programs to
represent, while they appeared to
more closely simulate the file load-
ing and saving activities.

Based on the results, the bench-
mark programs presented by Press
generally did a good job of simulat-
ing background activity. For the
configuration and the scenario
used, Press's intermittent activity
program best simulated actual
background activity. While the
LAN configuration used in the test
is minimal, subsequent analyses
have been conducted on different
LANs utilizing performance en-
hanced server and client configura-
tions. With expected performance
increase, the background programs
continue to simulate network ac-
tivity adequately, especially for
smaller configurations. (Tables of
benchmark performance are avail-
able upon request.)

Timothy Paul Cronan
David E. Douglas
University of Arkansas
Peggy L. Luster
Bradley University

MORE ERROR-
DETECTING
DECIMAL DIGITS

agner and Putter [22]

and follow-ups by

Maurer [15] and Pez-

zulo [19] presented a

number of very inter-

esting and useful ideas
for providing error detection with
decimal digits for use with numbers
such as credit card numbers, that
are often manually transcribed. 1
would like to expand on the idea
presented by Pezzulo, who sug-
gested choosing as self-checking
numbers multiples-of 13. Let us
consider using multiples of a prime
number in general. 1 will show how
to append check digits to an exist-
ing number to get a multiple of a
given prime. Encoding and error-
detection algorithms can be imple-
mented easily using ordinary arith-
metic, and a method for doing this
with very large numbers is in-
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cluded. An important advantage of
these codes is that their properties
are easy to analyze, and primes can
be found that can be proved to de-
tect errors well. Optimum choices
for the prime number are included
here. Codes of this type were ap-
parently first found by Diamond (6]
and studied in depth by Brown and
others [2, 18], for the binary num-
ber system with the idea of using
them for detection and correction
of transmission or hardware errors.

Simply using multiples of a
prime number has one weakness. If
the last digit is zero, and if it is
dropped, then the resulting num-
ber is still divisible by the prime
number and therefore undetected.
This can be prevented by adding a
small constant to the multiples of
the prime. Here I will assume that
we use numbers greater by one
than multiples of a chosen prime.

As an example, the prime num-
ber 947 enables detection of all sin-
gle and double errors in a number
of 18 or fewer digits. Wagner and
Putter list seven types of common
errors: single errors, adjacent
transpositions, twin errors, jump
transpositions, jump twin errors,
phonetic errors, and omitting or
adding a digit. Of these, the first six
are special cases of single or double
errors and therefore are detected.
In the last case, we can show that
one or two digits omitted from ei-
ther the beginning (if they are not
zero) or the end will be detected,
and the loss of a digit within the
number will be detected about
99.9% of the time. Wagner and
Putter’s final recommendation to
their client used four check digits.
A check using multiples of 9973
would apparently give error detec-
tion probabilities very nearly equiv-
alent to their choice of four digits.
For the code presented here, the
error detection capabilities are
more easily analyzed and clearly
understood than for Wagner and
Putter's code.

Let us assume the information to
be protected consists of k digits, and
we will add r check digits following

to make a total of n = k + r digits.
We propose that an r-digit prime
number A be chosen, and that the
check digits be chosen in such a way
that dividing the n-digit resulting
number by A gives remainder 1. |
will refer to the correctly encoded
n-digit number as the transmitted
number, and the possibly cor-
rupted n-digit number being
checked as the received number, by
analogy with  error-correcting
codes. First we will discuss how to
accomplish the calculation of the
check digits, and then we will dis-
cuss what errors can be detected
with such a scheme.

To encode, make an n-digit num-
ber by appending to the original
number, r digits that represent a
number between A — 2 and 10" —
2. Then divide the resulting num-
ber by A, subtract the remainder
from the n-digit number, and add
1. Now if you divide the resulting
number by A, the remainder will be
1 as required. For example, I might
choose A = 971 and 1 might simply
append A =971 to the uncoded
number. If the number to be pro-
tected is 9237275, then after
appending 971 it  becomes
9237275971. Dividing this by 971
gives remainder 524. Subtracting
this from 9237275971 and adding 1
gives 9237275448. The remainder
after dividing 9237275448 by 971 is
1. Note that the original informa-
tion digits are unchanged.

To check for errors, simply di-
vide by A—if the remainder is not
equal to 1, clearly something has
changed and an error has been de-
tected. If the remainder is equal to
1, you assume that no error has oc-
curred. Now the question is, what
kind of errors are not detected be-
cause the remainder is 1 even
though an error has occurred? First
of all, of all n-digit numbers, only
one out of every successive A num-
bers will give remainder 1 on divi-
sion by A, so the probability that a
randomly chosen number will be
accepted by this system is 1/A. This
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suggests that A should be a large r-
digit prime.

I would like, for the purpose of
analysis, to define the error pattern E
to be the difference between the n-
digit received number R being
checked and the error-free trans-
mitted n-digit number T. E = 0 cor-
responds to correct reception. An
undetectable error means that T
and R are unequal and each is one
more than a multiple of A, and
therefore E=R —T must be a
non-zero multiple of A, and con-
versely if E is a non-zero multiple of
A, then since T is one more than a
multiple of A and R =T + E, then
R # T and R will also be one more
than a multiple of A and therefore
be an undetectable error. Thus
undetectable errors correspond to
error patterns that are non-zero
multiples of A.

Next, I would like to define any
pattern of the form £ =¢- 10/, 1 =
le| = 9 and i < n, to be a single error.
Every error corresponding to a
single-digit error corresponds to a
single error in this sense, but cer-
tain other errors meeting this defi-
nition of a single error involve
more than one digit. For example,
it 10000000 is transmitted and
09999999 is received, this corre-
sponds to a single error of —1 - 10°,
although all the digits are changed.
Every single error is detected if A >
10, since no single-error pattern
under those circumstances is divisi-
ble by A. Since detecting all single
errors requires two digits, and since
it is desirable that A be large, it
would seem best in general to use
the largest two-digit nrime Q7

Now define a double error to the
sum of two single errors with dif-
ferent values of error position i.
Clearly, any error that affects two
digits in a number is a double error
in this sense, and certain error pat-
terns affecting more than two digits
will also count as double errors. For
any given prime number, there
exist undetectable double-error
patterns. For example, for any
prime number A except 2 or 5,
104! — 1 is divisible by A, by Fer-



mat's theorem, and this is a double-
error pattern. Note that A must
have at least three digits to detect
double errors—if A = 97, for ex-
ample, the error 00 becomes 97
would be an undetectable double
error. Otherwise there seem to be
no simple general statements that
can be made for double errors.

The number of error patterns is
small enough, however, so that they
can be checked exhaustively by
computer for any given prime A.
The search can be shortened some-
what by observing that if E = ¢, -
107 + g9 - 107 with #; > is an
error pattern that is divisible by A,
then E' =¢,;~ 10" 2 + ¢9 is also a
double error pattern divisible by A
but with the special property that
one of the errors is in the last posi-
tion. Theretore a search need be
made only for error patterns with
errors in the last position—if there
are no undetectable double error
patterns with an error in the last
digit, there are none at all. Thus,
for any given prime number A, we
can find by computer search the
largest n for which no double error
pattern of n or fewer digits is divisi-
ble by A, and therefore for which all
double errors are detected.

It is desirable that n, the maxi-
mum number of digits such that A
will detect all double errors, be
large, and also that among r-digit
primes, A be as large as possible.
Therefore we will call an r-digit
prime A optimum if it detects all
double errors in a block of n digits,
and no larger r-digit prime will de-
tect all errors in a block of n digits.
By exhaustive search I have found
all the optimum three, four, and
five-digit primes for double-error
detection:

A n A n A n
997 3 9973 85 99989 717
983 8 9967 87 99961 1289
977 12 9931 315 99881 2497
971 16 9833 351 99349 2922
947 18 9323 377 99119 3527
761 22

It is also possible to search for tri-
ple error patterns, and here are all
the optimum four, five, and six
digit primes for detecting all triple
errors: (The four digit ones appear
quite unattractive—with 9811, for
example, you have four check digits
and four information digits).

A n A n A n
9829 6 99991 5 993983 22
9811 8 99829 9 993961 33

99787 12 993893 70

99721 17 992357 73
99643 18 991663 77
99487 19 962837 79
99241 24 962627 83

97429 26 903143 84

Next let us consider an error that
results from interchanging two dig-
its. Suppose that digit ¢ in position
and digit ¢ in position j are inter-
changed, and let us assume that i >
j and that the digits are numbered
from right to left starting with zero.
Then the error pattern will be

(¢ - 10" + ¢;- 107) —
(- 107 + ;- 109 =
(t; — (1077 = 1) 10/

This will be divisible by A if and
only if 107 — 1 is. For certain val-
ues of i — j, this will be divisible by
A. For example, by Fermat's theo-
rem, it will be if i — jis a multiple of
A — 1. It can be verified easily by
computer that for A = 97, for ex-
ample, the only values of i —j for
which 107 — 1 is divisible by A are
multiples of A—-1=96. One
would expect this kind of error to
occur commonly with adjacent dig-
its or digits that are near to each
other, i.e. for very small values of
i — j, and all of those would be de-
tected.

Now let us consider error pat-
terns resulting from changing &
successive digits—these are often
referred to as bursts of length b.
Suppose we have a received num-

ber R and a transmitted number T
that differ in this way. Then E =
R — T will be of the form e- 10'
where e is a positive or negative b-
digit number. Assuming that A >
10, this will be divisible by A if and
only if e is divisible by A. It will cer-
tainly not be divisible by A if it has
fewer digits than A, so all bursts of
length less than r, the number of
digits in A, will be detectable. Most
bursts of length r will be detected,
also. For example, for A = 9973,
the only undetectable error pattern
would be 9973. The only way for
this to occur and affect only four
digits would be for the affected
four digits of the smaller of T and R
to be 0000 + x and the correspond-
ing four digits of the larger to be
9973 + x, with 0 = x < 27.

Digits omitted at the beginning
of a number will act like a burst, so
every pattern of fewer than r omit-
ted digits at the beginning of a
number will be detected, if the
omitted digits are not all zero. Sup-
pose the received number R differs
from the transmitted number T by
having the last 7 digits omitted. As-
suming that the transmitted mes-
sage was AX + 1 and denoting the
decimal value of the last ¢ digits by
D, the value of the received number
is (AX + 1 —D)10". This will be
accepted if the remainder after di-
viding thisby Ais 1, orif (AX + 1 —
D)/ 10" — 1 is divisible by A. This will
be divisible by A if and only if AX +
1 — D — 10 is, which in turn will be
divisible by A if and only if — 10" —
(D — 1) is. This will certainly not be
divisible by Aifi <rand A > 2 - 10’
because it will then surely be less
than A in absolute value and not
zero. Thus if we choose A to be a
quite large r-digit prime, we can
detect every omission of uptor — 1
digits at the end of a number.

Now let us consider the omission
of a single digit inside the number.
Suppose the transmitted number
consists of a number a followed by a
digit d followed by an i-digit num-
ber b. For example we might con-
sider 9237275448 to consist of a =
92372, d =7, and b= 5448, with
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i=4. Then T=a-10"'+d-
10" + b. If the single digit d is omit-
ted, the value becomes R = al0' +
b. The difference is E =al0' —
d10' — al0"*! = —(9a + d)10" and
the error will be undetectable if and
only if this number is divisible by A,
which in turn will be true if and
only if 9a + d is divisible by A. Con-
sidering all possible values of a,
there will be a first for which 9a + d
is divisible by A, and then after that
every Ath value of a will result in
9a + d being divisible by A. There-
fore, if a has enough digits, about 1
in every A values of a will result in
an undetectable error. If the num-
ber of digits in a is small, there may
be none or one or a few.

Finally, I would like to point out
that the computations involved in
encoding and error detection can
be done easily on a computer. This
is certainly obvious if n, the number
of digits in the transmitted and re-
ceived numbers is no greater than
the number of digits for which inte-
ger division is implemented in the
system being used. For larger num-
bers, it is also not difficult. Suppose
the number has n digits, the prime
has r digits, and integer division is
implemented for p > r digits. Let us
define m = p — r. Now let ¢, be the
m digit number consisting of the m
lowest order digits of a number ¢,
let t; be the next m digits of ¢, etc.,
and ¢, be the highest-order group of
m or fewer digits. Then

=10 5 §1gNeTR e
+ 4 10™ + &

Then tdt,—, " tty can be consid-
ered to be the representation of ¢ in
a number system with base 10™.
You can do long division in this
number system using the same al-
gorithm as is used for doing long
division by a single digit divisor in
decimal, now using the built-in divi-
sion for dividing each “digit.”

As a simple example, suppose
you have available 10-digit arithme-
tic and wish to protect 15 digits of
information using 3 check digits.
A =947 would be the optimum

choice to use with the 15+ 3 =18
digit encoded numbers. Suppose
the information to be protected is
123456787654321. To encode, con-
catenate three digits at least as great
as A — 1 to the information. Let us
choose A which is 947, giving

123456787654321947. Now we
must find the remainder after di-
viding this number by 947. We will
find that the remainder is 517. Sub-
tracting this remainder from the
original 18-digit number and add-
ing 1 gives 123456787654321431 as
the required encoded number.

To get the desired remainder we
must divide 123456787654321947
by 947. Take m= 10— 3 =7, and
as “digits” in the base-107 system,
take groups of 7 digits from the
original number: t, = 1234, ¢ =
5678765, and &, = 4321947. (Then
t is a three-“digit” number in its
base 107 representation.) Now di-
vide t» = 1234 by A = 947 and get
quotient 1 and remainder 287.
Concatenate the remainder and ¢,
getting 2875678765, and divide this
by 947, getting quotient 3036619
remainder 572. Now concatenate
the remainder and ty, getting
5724321947, and divide by 947,
getting quotient 6044690 and re-
mainder 517. This is the required
remainder. (The quotient is the
concatenation of the three quo-
tients, 130366196044690, although
it is not needed here.)

Now let us do the same calcula-
tion assuming that we have 32-bit
fixed-binary arithmetic available.
Using that, we handle dividends up
to 9 decimal digits, so we should
choose m = 9 — 3 = 6, correspond-
ing to a base 10° number system.
Now there will be three “digits,”
123456, 787654, and 321947. Di-
viding 123456 by 947 gives quotient
130 and remainder 346. Dividing
346787654 by 947 gives quotient
366196 and remainder 42. Dividing
42321947 by 947 gives quotient
044690 and remainder 517. This is
the same remainder as before, and
the quotient obtained by concate-
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nating these three base-10° quo-
tient digits is also the same as be-
fore.

I would like to acknowledge val-
uable suggestions by Neal Wagner.

W. Wesley Peterson
Department of ICS
University of Hawau
Honolulu, HI 96822

ECONOMIC
ANALYSIS OF
COMPUTER
HARDWARE
PERFORMANCE:
SOME
THEORETICAL
oY, ]
METHODOLOGICAL
OBSERVATIONS

he motivation for this arti-
cle is a study by Kang [14]
which presents a model for
evaluating computer sys-
tem performance employ-
ing the economic ap-
proach. The economic approach
assumes the performance of a com-
puter is related, via a production
function, to the attributes of its
components. When this production
function is combined with the ob-
jective function of the firm that
produces the computers (e.g., cost
minimization), the price (or cost) of
the computer can be related to its
performance and the attributes of
its components. This relationship is
often called the price function (see
Cale et al. [3], Ein-Dor [7], Grosch
[10], Ein-Dor and Jones [9], and
Mendelson [16] among others).

In his article Kang examines
problems with previous studies and
develops a theoretical basis to jus-
tify his model. In this article we
show that the model and methodol-
ogy suggested by Kang are basically
incorrect. We also use this opportu-
nity to clarify some of the principles



